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1. Introduction. In a recent paper Bliss [2]t has treated a boundary value

problem which is definitely self-adjoint according to a weakened form of an

earlier definition of definite self-adjointness which he gave in a paper [2]

published in 1926. He has shown that a system which satisfies this modified

definition has most of the properties proved in the former paper for a system

satisfying the original and stronger definition of definite self-adjointness. The

characteristic values for such a problem are all real and have indices equal to

their multiplicities, and the expansion theorems established in the earlier

paper are still valid. Such a system, however, will not in general have an

infinity of characteristic values.

Bliss has shown that the canonical form of the so-called accessory bound-

ary value problem for a normal non-singular problem of Bolza in the calculus

of variations is definitely self-adjoint according to this new definition, while

such a problem is in general not definitely self-adjoint according to the origi-

nal definition. Hu [5] has proved that this problem has an infinity of char-

acteristic values. Various authors (Morse [7] and [8], Reid [9], [10], and

[11], Hu [5], Holder [4], Birkhoff and Hestenes [l], Wiggin [12]) have

treated the accessory problem under the assumptions that the problem is

normal and satisfies the strengthened Clebsch condition. This latter condition

implies non-singularity. Under these hypotheses the characteristic values

possess certain extremizing properties. Moreover, for such systems there have

been established oscillation and comparison theorems which are generaliza-

tions of the classic results of the Sturmian theory for a single second order

differential equation (see, for example, Ince [6], chap. 10). It is to be re-

marked that for the problem treated by the author ([9] and [10]) it is not

assumed that the coefficients of the terms involving the parameter are those

of a definite quadratic form. To compensate for this weakened condition it

it assumed that the quadratic functional of the associated minimum problem

is definite. This latter hypothesis is no additional restriction for an accessory

problem which is normal, satisfies the strengthened Clebsch condition, and

* Presented to the Society, April 11, 1936; received by the editors November 3, 1937.

f Numerals in square brackets refer to the bibliography at the end of the present paper.
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for which the coefficients of the terms involving the parameter belong to a

definite quadratic form. In the author's paper [9] there are also established

expansion theorems in terms of the characteristic solutions of the problem.

It is the purpose of the present paper to consider a boundary problem

which is definitely self-adjoint according to the new definition of Bliss, and

which satisfies the additional condition that the matrix of coefficients of the

terms involving the parameter has constant rank on the interval of definition.

This latter condition is satisfied in the most important examples of definitely

self-adjoint systems. It is here shown that such a system is equivalent to a

boundary value problem associated with the second variation of a calculus of

variations problem, and of the type previously treated by the author [9]. The

character of the equivalence is new in the sense that the canonical form of the

second problem is not the given definitely self-adjoint problem, but rather a

system involving twice the number of dependent functions occurring in the

original system. There is obtained a general condition which is both necessary

and sufficient for the given system to have an infinity of characteristic values.

There are also given two different sets of conditions which are merely suffi-

cient for this conclusion. In particular, in §5 it is shown that an accessory

boundary value problem which is normal and non-singular has an infinity of

characteristic values. As stated above, this result was first proved by Hu. As

already noted, oscillation, comparison, and expansion theorems are known for

a system of the form to which the given definitely self-adjoint problem is here

shown to be equivalent. From these theorems there are deduced in §6 certain

corresponding results for the given boundary value problem.

The notation used for the definitely self-adjoint system here treated is the

same as that used by Bliss in papers [2] and [3]. Frequent references are

made to the results concerning differential systems in general, and the theo-

rems for self-adjoint systems, obtained by Bliss in §§1 and 2 of paper [2].

It is to be noted that for the particular definitely self-adjoint problem herein

treated the proof of the reality of characteristic values is independent of the

proof of paper [3 ] of Bliss, since this result is here deduced from the corre-

sponding theorem for the equivalent problem of the type previously treated

by the author.

2. Statement of problem. In the following pages the summation conven-

tion of tensor analysis will be used. The subscripts ¿, /, k will have the range

1, • ■ ■ , «. The matrices m;,(x)||, ||2?,,(x)|| will be supposed to have elements

which are real-valued and continuous on a ¿ x ^ b, while the elements of the

matrices ||Af,,||, 11iVi,-|| are real constants such that the matrix \\Mi¡; Na\\ has

rank «. For brevity we will introduce the notations*

* Here, as elsewhere, primes are used to denote derivatives with respect to the variable x.
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(2.1) £ [y] = yi - Aij(x)y,;        9ttt[z] = z¡ + ZjAji(x).

The boundary value problem to be considered in this paper may then be

written as

(2.2) j&[y] = \Bij(x)yj,    s,[y] m Mifyi(a) + Niiyi(b) = 0.

The system adjoint to (2.2) is (see Bliss [2]),

(2.3) V»tt[z] = - XzjBji(x),    t¿z] = Zj(a)Pji + Zj(b)Qji = 0,

where pi = Pa, qi = Qa, (j = i, • • ■ , n), are linearly independent solutions of

the algebraic equations

Mijpj - Nuqj = 0.

The boundary value problem (2.2) will be treated under the following

hypotheses :

(Hi) The system (2.2) is self-adjoint under the non-singular transforma-

tion Zi = Tn(x)yj, that is, under this transformation the differential equations

and boundary conditions of the adjoint system (2.3) are equivalent to those

of (2.2) for all values of X. The elements 7\,(x) are supposed to be of class C1

on the interval ab.

A non-singular matrix ÜT^x)!! of functions of class C1 is such a transfor-

mation matrix if and only if

TikAkj + AkiTkj + Ta = 0, TikBkj + BkiTkj = 0,

MikT?i(a)Mjt = N,kTu(b)Njt.

In particular, if w,(x) and Vi(x) are sets of functions of class C1 and are

related by the equations Vi(x) =Tji(x)u}(x), we have the identity

(2.5) Mi[v] m Tjj(x)£j[u}.

Moreover, U [v] =0 if and only if s i [u] =0.

(H2) ||Sí;-(x)||=||rifc¿(x)¿?i,-(x)|| is symmetric.

(H3) If (uí) is a set of real constants, then

UiS>j(x)uj S: 0.

(H4) There exists no non-identically vanishing solution of ^<[y]=0,

Si[y] =0 such that 5¿,(x)y,(x) =0 on ab.

If the system (2.2) is the canonical form of a so-called accessory boundary

value problem associated with the second variation of a problem of the cal-

culus of variations, the above hypothesis (H4) is equivalent to the assumption
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of normality of the accessory problem. The significance of this hypothesis for

the general self-adjoint system of the form (2.2) has been pointed out by

Bliss [3].

(H6) ||2?i,(x)|| is of constant rank « — m, (0^m<n), on a = x = b.

If yi(a), yi(b), Zi(a), z,(¿>) are arbitrary values, we have (Bliss [2]),

¡>

(2.6) yi(x)zi(x) I  = fc[s]*<[y] + ti[z]sx[y],
a

where Si[y] = Mi,yj(a) + Nijyj(b), ti[z] =z¡(a)P¡i+Zj(b)Qji, and the matrices

II^j'II» llalli lililí» 11 (?••>'! I are chosen so that

Mu   Ni,-

Ma   Ñu

- Pa

Qa

Pu

Qu

are reciprocals. Moreover, if yi(x), z,-(x) are solutions of the differential equa-

tions of the systems (2.2) and (2.3), respectively, for some value of X, then

[yi(x)zi(x) ] ' = 0. Combining these results, and making use of the self-adjoint -

ness of the system (2.2) under the transformation z¡ = riíyí, we obtain that

if y,-(x) and y*(x) are solutions of (2.2) corresponding to distinct values X

and X*, respectively, then (see Bliss [2])

(2.7) I    yi(x)Sij(x)y*(x)dx = 0.

3. Relation of the boundary value problem to the calculus of variations.

In this section there will be pointed out the relation of the above boundary

value problem (2.2) with a problem of the form of an accessory boundary

problem associated with the calculus of variations.

As a consequence of hypotheses (H2), (H3), and (H5) there exist m sets of

functions Tvia(x), (a = \, ■ ■ ■ , m), such that

(3.1) S,,(x)ir,a(x) ■ 0, i = 1, • • • , n;a = 1, m: a :s x ;£

Moreover, these functions ir,„(x) may be chosen as continuous on a^x^b,

and orthonormal in the sense that

(3.2) iria(x)iriß(x) = 8a3, a, ß = 1, • • • , m.

In view of (H3) it follows that the matrix

■S'tj(x)     irifj(x)

■Kja(x)      0aß

is non-singular on ab. The reciprocal of this matrix is seen to be of the form
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(3.3)
Rij(x)       TTiß(x)

TTja(x)       0aß

and Rij(x)u¡Uj>0 for every set (uí)^(0í) satisfying the relations 7r,a(x)M,=0,

(a = l, ■ ■ ■ ,m).

Finally, we shall suppose that there are exactly p linearly independent

solutions yi = uiK(x), (k = \, • • • , p), of the system (2.2) for X = 0. Bliss has

shown that under the hypotheses (Hi)-(H4) the index of a characteristic value

is equal to its multiplicity as a root of the characteristic equation D(\) =0.

Hence not all values of X can be characteristic values of (2.2) under these

hypotheses, and without loss of generality we might assume X = 0 is not a

characteristic value. The method of proof as given by Bliss is similar to that

used in his previous paper [2] to establish the same result under stronger

hypotheses. However, for completeness and independence of the results of

the present paper, use will not be made of this result. It is to be pointed out

that Theorem 3.1 below includes the result that under hypotheses (Hi)-(H5)

all values of X cannot be characteristic values of (2.2).

An arc z = [z¿(x)] will be called admissible if the functions z<(x) are of

class D' on ab, and satisfy the differential equations

(3.4) irj*(x)'Mj[z] =0, a = 1, • • • , m.

For brevity, the class 77* will be defined as the totality of admissible arcs z

satisfying the conditions

(3.5) ti[z] = Zj(a)Pji + Zj(b)Qji = 0, i = 1, • • • , n,

> b

«  =   1,  •   •   *   , P,(3.6) j    Zi(x)Bij(x)UjK(x)dx = 0,
" a

(3.7) I      Zi(x)Kij(x)zj(x)dx = 1,
•I a

where Kti(x) = -Bik(x)T;t\x). Since Kij(x) = T¿l(x)Ski(x)T¿l(x), the ma-

trix ||7r,,(x)|| is symmetric and UíKíj(x)u¡^0 for all real sets (w¿);¿(0¡).

Suppose the class 77* is non-vacuous, and consider the problem of mini-

mizing the integral

(3.8) l[z] =   f   'Mi[z}Rij(x),Mj[z]dx
J a

in this class. In view of (3.4) we have that 7[z] is non-negative in the class

of admissible arcs.

Because of the integral conditions (3.6) this minimum problem is not of
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the form of an accessory problem associated with the problem of Bolza in

the calculus of variations. It may be reduced, however, to such a problem by

the introduction of new variables zn+. satisfying the differential equations

zn+, — ZiBijUjK = 0 and end conditions zn+,(a)— zn+K(b) =0.

If, for brevity, we set

(3.9) Rij(x)Mj[z) + »,.(i)m.(ï) = f,(x),

the first necessary condition for this calculus of variations problem states that

there exist multipliers na(x) and constants cr«, A, d,, such that in addition to

equations (3.4), (3.5), (3.6), (3.7) we have

(3.10) U ~ Anis - BijUj^t + AKijZj = 0,

(3.11) Pudj - U(a) = Qijdj + Ub) = 0,

where f,(x) is the function defined in terms of z.(x), ua(x) by (3.9). Solving

(3.4) and (3.9) simultaneously, we obtain

Mi[z]   =   Sij(x)Çj, pa(x)   =   1Tja(x)Cj.

Moreover, since MikPkj— NikQk, = 0, the equations (3.11) are equivalent to

the conditions s,-[f]=0. Consequently, the system (3.4), (3.5), (3.6), (3.10),

(3.11) may be written

9tf¿[z] = Sij(x)Çj,       „£[f] = BijUijr, - AKijZj,

(3.12) f   Zi(x)Bij(x)ujK(x)dx = 0,        ti[z] = 0,        s<[f] = 0,
* a

i, j = i, • • • , «; « = f, • • • , p-

Now, since yi = uiK(x), (k = 1, • ■ ■ , p), is a solution of f^i[y] =0, s¿[y] =0,

we have that z,- = z\«(x) = Tji(z)u¡K(x) is a solution of Mi [z ] = 0, U [z ] = 0. Using

this relation, together with (2.6), we obtain in view of (H3) and (H4) the fol-

lowing result:

Lemma 3.1. If Zi, £%■ satisfies (3.12) with constants <rK, A, then <r< = 0,

(jc = 1, • • • ,p).

Lemma 3.2. The system (3.12) is normal.

For if this system is not normal, there exist functions z¿(x)=0,.

Çi(x)^0 satisfying with constants aK, A this system. In view of Lemma 3.2,

o-< = 0. Then f< = 7r,-„(x)p.Q(x) is a solution of »O[r]=0, s«'[f]=0. But since

Bijir,a=0, we then have 5¿,(x)f,^0 and by (H4) we have Çi(x) =0, contrary

to the assumption that f¿(x)^0. Therefore the system (3.12) is normal.

Lemma 3.3. The value A =0 is not a characteristic value of (3.12).
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This result is a consequence of Lemma 3.1, relation (2.6), hypotheses (H3)

and (H4), together with the fact that every solution of the system =£¿[y] =0,

Si[y] =0 is a linear combination of the functions uiK(x), (k = 1, • • • , p).

Theorem 3.1. The characteristic values A of (3.12) are all real and positive,

and at most denumerably infinite in number.

The reality of the characteristic values has been proved by the author [9].

The positiveness is a consequence of the above hypotheses and the identity

7[z] = A I    Zi(x)K~ij(x)zj(x)dx
" a

which is satisfied by the functions z¿(x) of a solution z¿, f<, aK =0 of (3.12) for

a corresponding value A. Since A = 0 is not a characteristic value, and the

characteristic values are the zeros of a permanently convergent power series

(see Bliss [2 ]), we have at most a denumerable infinity of such values.

The following properties have been proved by Reid [9 ] :

Theorem 3.2. If the class 77* is non-vacuous and Ax is the greatest lower

bound of I[z] in this class, then Ai>0 and A=A] is the least characteristic

value of (3.12).

Theorem 3.3. Suppose A!<A2< • • • <A(_i are consecutive characteristic

values of (3.12), and corresponding to A = AS, (s = l, ■ • ■ , t — 1), there are r„

linearly independent solutions z.-3s, f;,,, o-»,s=0, (q, = \, ■ ■ ■ , r,). Define the class

77* as the subclass of arcs z belonging to H* and satisfying the additional condi-

tions

0 =   I    Zi(x)Kij(x)zjq,(x)dx,        qs = 1, • • • , rs ; s = 1, • • • , t— 1.

If H* is non-vacuous and At is the greatest lower bound of l[z] in this class,

then A¡>Aí_! and A = A( is a characteristic value of (3.12).

If z;, f i, o-« = 0 is a solution of (3.12) foravalue A, set z,- = (l/All2)Tj¡(x)r]j.

Then Vi, ft is a solution of the system

(3.13)   „GM = k^Bij(xYj,   £¡[rj = AU2Bij(x)Vi,    s([n] - 0,    if[f] = 0.

Now if rji, fi is a solution of (3.13), the functions r¡i = rji+fi, fi = ñ<+?< and

Vi = Vi—fi, Çi=îi — Vi are also solutions of this system. Consequently, if the

index of A as a characteristic value of (3.12) is equal to r, there exist r linearly

independent solutions ?/,•, fi of (3.13) such that for each of these solutions we

have either ??i = f¿ or 77,-= — J*<. Now if r¡i, f< = i7i is a characteristic solution of

(3.13) we see that y,- = r/t- is a characteristic solution of (2.2) for X = A1/2; simi-



1938] LINEAR DIFFERENTIAL EQUATIONS 515

larly, if r¡i, f,= — tu is a characteristic solution of (3.13), we have that yi = r\i

is a solution of (2.2) for X= — A1/2. Hence the sum of the indices of A1/2 and

— A1'2 as characteristic values of (2.2) is not less than the index of A as a

characteristic value of (3.12).

Now if X^O is a characteristic value of (2.2) and y< is a corresponding

characteristic solution, then z¿ = (l/X)F,ty/, f, = y,- is a solution of (3.12) for

A =X2. The orthogonality of the functions z,(x) to the sets «¡,(x),(k = 1, • • • , p),

is a consequence of (2.7). In view of Lemma 3.1 we have, therefore, that all

the characteristic values of (2.2) are real. In view of (2.7) the set of character-

istic solutions of (2.2) corresponding to the values A1'2 and —A1'2, where A

is a given positive value, are linearly independent. Hence the index of A as

a characteristic value of (3.12) is not less than the sum of the indices of A1'2

and — A1/2 as characteristic values of (2.2). We have, therefore, the following

theorem :

Theorem 3.4. The characteristic values of (2.2) are all real and at most

denumerably infinite in number. If A is a characteristic value of (3.12),

either A1'2 or — A1/2 is a characteristic value of (2.2). Conversely , if\ is a charac-

teristic value of (2.2), then A=X2 is a characteristic value of (3.12) whose index

is equal to the sum of the indices of\ and —X as characteristic values of (2.2).

4. Sufficient conditions for the existence of infinitely many characteristic

values. One may show by simple examples (see Bliss [3]) that the hypotheses

of §2 do not imply the existence of infinitely many characteristic values of

(2.2). In this section we shall give certain sets of conditions that insure this

property. In view of Theorem 3.4 we may assume without loss of generality

that X = 0 is not a characteristic value of (2.2), and the sets «<„(« = 1, • • • , p),

are missing. If this condition is not true for the original problem it may be

attained by a linear change of parameter. We shall make this assumption in

the future consideration of this problem. The following general theorem follows

from Theorem 3.4 and the extremizing properties of the characteristic values

of (3.12) (see, for example, Reid [9] and [11]).

Theorem 4.1. A system (2.2) satisfying (Hi)-(H6) has an infinity of char-

acteristic values if and only if there are infinitely many arcs Zi = wia(x),

(s = l, 2, ■ ■ ■ ), satisfying (3.4), (3.5), and such that for each r and arbitrary

constants (d¡)7¿(0<), (/ = 1, ■ ■ ■ , r), the arc Wi = wit(x)dt satisfies the condition

(4.1) I   WiKijWjdx > 0.
J a

The following hypothesis is a weakened form of a condition used by Bliss

in originally defining definitely self-adjoint systems.
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(H6) If gi(x) are arbitrary continuous functions on ab, and y,(x) is a solu-

tion of the system

(4-2) JCAy] = Bjj(x)gj(x),        Si[y] = 0,

then yt-5,-,y,=0 on ab if and only if y,=0.

Theorem 4.2. If (2.2) satisfies (TL.), (H2), (H3), (H8), and (H6), this system

has infinitely many characteristic values.

Hypotheses (H2), (H3), and (H6) are seen to imply (H4). Denote hy git(x),

(s — \, 2, ■ • • ), sets of functions such that the sets Bij(x)g¡,(x) are linearly

independent on ab. Such a choice is clearly possible. Now let y¿ = y,-s(x) be a

particular solution of (4.2) for gi=gu(x), and set Wi,(x) = T,-i(x)y¡,(x),

(í = 1, 2, • • • ). By the use of relation (2.5) it may be proved that the

functions z¿ = wt-,(x) satisfy (3.4) and (3.5). Furthermore, if (dt)?^(0t),

(t — 1, • • • , r), and y i = y i t(x)dt, Wi = wit(x)dt we have

WiKijWjdx =   I    yiSnyjdx > 0

in view of (H6). The result of Theorem 4.2 is then a consequence of Theorem

4.1.

Corollary. If the system (2.2) satisfies hypotheses (Rx), (H2), (H3), and

| Bij\ ;^0 on ab, then (2.2) has infinitely many characteristic values.

Hypothesis (H6) is weaker than the condition originally used by Bliss [2 ]

in defining definitely self-adjoint systems since the extra condition s{[y] =0

has been added. The result of Theorem 4.2 is of a somewhat less general char-

acter than that originally obtained by Bliss [2], however, since we have as-

sumed (H5).

Theorem 4.3. Suppose that (2.2) satisfies (Hi)-(H6), and that the functions

Bi¡ are of class C1 on ab. Then, if the matrix

(4.3) \\wUx) Tk'(x)Bjk(x)\\

has at some point x0 of ab a rank greater than m, the system (2.2) has infinitely

many characteristic values.

If the functions Ba are of class C1, the functions 7ria(x) may also be chosen

to be of class C1, and we shall suppose that these functions are so selected.

Now a set z» satisfies (3.4) if and only if there are functions gt(x) such that

(4.4) Mi[z] = - gj(x)Bji(x).

In view of  (H2)  and  (H3)  a set of continuous functions z,(x)  renders
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fbaZiK~ijZjdx = Q if and only if the set z¿ is of the form Tji(x)irja(x)fa(x). We

shall now determine under what conditions a set of this latter form is a solu-

tion of (4.4). In view of (2.5), such a set satisfies (4.4) if and only if

(4.5) "Ok«/«] — *■•<»/» + "Oh"«]/« = — gjBjkTki.

The functions j(j [wa] are continuous since 7ríí>(x) are of class C1. Now, in view

of the hypotheses of the theorem, there is an interval aibi containing x0 and in-

tegers 1 5?¿i<¿2< • • ■ <ip^n,í^ji<J2< ■ ■ ■ <jp~m^n, p>m, such that the

determinant \iri,aTtt1Bjhk\, (q=\, ■ ■ ■ , p; h=\, ■ ■ ■ , p — m), is different

from zero on axbx. If g,=0for j^jh, (h = l, • • • , p — m), then on axbx there are

continuous functions Daß(x), Ehß(x) such that

(4.6) /.'    =   Daßfß,

(4.7) gjh = Ehßfß.

Let fa=fay(x), (y = l, ■ • • , m) be a fundamental set of solutions of (4.6) on

axbi. Suppose that gf(x) is a set of functions such that g* = 0 for j^jh, and

the set g* is linearly independent of the m sets of functions g,h = Ehßfßy on

axbx. It follows that if z¿ = wt is the solution of

(4.8) Mi[z) = - gfBji,        ti[z] = 0,

then Wi is not of the form Tj(Kjafa on a^i, and hence f*WiK~ijWjdx>0. Now one

may choose an infinity of sets g%(x), (s=\, ■ ■ ■), such that if r is a given

integer and (dt)^(0¡) (t = \, ■ ■ ■ ,r), then the set g* = gft(x)d¡ satisfies the

conditions described above for the set gf. If Zi = wis are the corresponding

solutions of (4.8), we have that the set wis, (s = 1, • • • ), satisfies the conditions

of Theorem 4.1, and hence (2.2) has infinitely many characteristic values.

We have, in particular, the following result:

Corollary. Suppose that (2.2) satisfies (Hx)-(H6), the functions Bi, are of

class C1 on ab, and m<n — m. Then this system has infinitely many characteristic

values.

To establish this corollary, one need only note that the rank of (4.3) is

not less than the greater of the two values m and n — m.

5. A special boundary problem. Consider the differential equations

vJ  = <^Iar(x)rir + <Bor(*)rT, a, t = 1, • • • , N,

U    -   C*r(x)Vr   -ïAt,(x)Çt   ~   \^r(x)t¡T,

where ||í3^||, ||C"||, ||-^ffr|| are symmetric. The coefficients in (5.1) are real-

valued and continuous on ab, and u„f^„ur >0 on ab for («„) ^ (0„). Associated

with (5.1) we consider boundary conditions
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(5.2) sy[v, f] ■ ayri)r(a) — è7Tft(a) + ayTr¡,(b) + byTÇr(b) = 0,

y - i, • • • , 2N,

where these conditions are linearly independent, and where the matrix

||a'T6L+a2r6jT||, (7, 5 = 1, ■ • • , 2N), is symmetric. We shall also sup-

pose that there is no non-identically vanishing solution r]„, ft of (5.1), (5.2)

with ?7„=0, (o" = l, ■ • • , N), on ab.

The system (5.1), (5.2) is self-adjoint with respect to the transformation

matrix

21   -

Under the above conditions,

B   =
0„     0„

s  -

SCT      0„r

■^err      0,T

0„        0„r
K   =

0„   0„r

o,t Ks

and (5.1), (5.2) satisfies (Hi)-(H6) of §2. We may, therefore, assume without

loss of generality that X = 0 is not a characteristic value, and for simplicity

we shall make this assumption.

If we assume in addition that ||©n-|| has constant rank N — q, (0^q<N),

on ab, this system is equivalent to a boundary problem associated with the

second variation of a problem of Bolza in the calculus of variations which

is normal and non-singular, but which does not necessarily satisfy the Clebsch

condition. If K^„, = b„T, we have the problem which Hu [5] considered, and

for which he proved the existence of infinitely many characteristic values.

His method of proof is closely related to that previously used by Bliss [2 ] in

treating definitely self-adjoint problems. In the following, we shall not as-

sume that 11 ß«] I has constant rank N — q, but simply that all the 'Bar are not

identically zero on ab.

The system adjoint to (5.1), (5.2) is

(5.3)
«„'   + U#A„ + VrQ,,   =   \VrKj,,,

Vj   + Ur<BT<r  —  VrtAcr  =   0,

(5.4) byruT(a) + ayTvr(a) — byTur(b) + ayrvT(b) =0, y — 1, ■

The condition (3.4) then becomes, in terms of (z.) = (m„, v„),

(5.5) Vj   + U&r,  -  VTzAaT   =   0, O"   =   1,

2N.

N,

and the integral of (3.7) reduces to

(5.6) I    v.IÇj,tVtdx.
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Let aibi be a subinterval of ab on which all the <B„T are not identically

zero, and hyuT=uT„ (v = l, ■ ■ ■ , N+Í), sets of functions of class C1 on axbx,

with Mr„(ai)=0=ttT„(oi),and such that theiV+1 sets ur,<BT„(v = i, • • -,N+\),

are linearly independent on this interval. Let vT =vTy(x) be the solution of (5.5)

for uT = uTy, and satisfying the initial condition vTy(ax)=0. Clearly the sets

vr=vTy(x), (v = \, ■ • • , ^+1), are linearly independent on axbx. Now define

vT = vri(x)di+ ■ ■ ■ +vTN+i(x)dN+i, where the constants dt, (t = l, ■ ■ • , A^-fT),

are not all zero and such that vT(bt) =0. If the functions uT, vT thus defined on

axbx are extended to the whole of ab by defining them as zero on the remainder

of ab, then (z.) = (uT, vT) is an admissible arc for the above defined problem,

and the corresponding integral (5.6) is positive.

Now let A„ (s = 1, 2, • • ■ ), be a denumerable set of non-overlapping sub-

intervals of aibi, and relative to A, define a set of functions (z<) = (wis) = (urs, vT,)

in the manner described above. This set (wis) is seen to satisfy the conditions

of Theorem 4.1; hence the system (5.1) has a denumerable infinity of

characteristic values.

6. Oscillation and comparison theorems. The following comparison theo-

rem is a consequence of Theorem 5.5 of Reid [11].

Theorem 6.1. Suppose that the two boundary value problems

(6.1) -C*[y] = \Biiyi,        Si[y] m Mt0¿a) + Nijy,(b) = 0,

(6-2) J&[y] = XBijy,-,        s?[y] m M*y;(a) + N%yi(b) = 0,

are self-adjoint with respect to the same transformation matrix ||7\,j|, that each

of these problems satisfies (Hi)-(H6), and X = 0 is not a characteristic value for

either of these problems. For arbitrary values 7>0, let VL [WL] denote the number

of characteristic values X of (6.1) such that |x| <L [|x| ^L]. The numbers V'*,

W* are defined for (6.2) ¿« an analogous manner. If the matrix

Ma   Ni,

M*j   NT,

has rank n+h, then for arbitrary L>0we have | V L — V* \ ^ h, \ WL — W* \ = h.

We shall say that a point x' on a <x' = b is a conjugate point of x = a rela-

tive to the differential equations

(6.3) „GM = \Bij(x)yj

for a value X, if, using the definition of Reid [ll], §6, the point x' is a con-

jugate point of x = a relative to the differential equations of (3.12) for the

value A=X2. It is to be remarked that the hypotheses of §2 do not in general
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imply that the order of abnormality of the differential equations of (3.12) on

subintervals ab' is constant for a<b' 5¡Z>. Hence, as pointed out in Reid [11 ],

in order to obtain the usual oscillation theorem it is necessary to use the

extended definition of conjugate point there introduced. As a result of Theo-

rem 3.4 above, and the oscillation and comparison theorems for the system

(3.12) (see Reid [11], §§5, 6, and 7), we have the following result:

Theorem 6.2. Suppose that the system (6.1) satisfies hypotheses (Hi)-(H6)

and that X = 0 ¿s not a characteristic value of this problem. Then for arbitrary

values X^O there are on the interval a<x<b at least V¡\¡ — n and at most V^x\

conjugate points of x = a relative to (6.3) for the given X.

In case the following additional assumption is satisfied, the conjugate

points are given by the zeros of a certain determinant.

(H7) If b' is an arbitrary value on a <b' tkb, there is no solution of ./¿«[y] =0

satisfying 73¿,(x)y,(x)=0 on ab' except the identically vanishing solution

yi=-0.

The statement (H7) is the phrasing in terms of the system (6.3) of the con-

dition that the differential equations of (3.12) are normal on every subinterval

ab'. In this case the conjugate points of x = a relative to (3.12) for a value A

are the zeros of | z¿,(x) |, where

Zi = Zij(x), ft = fti(*), / = 1, • • • , M,

are linearly independent solutions of the differential equations of (3.12)

such that

zt)-(a)=0, ¿,/ = l, • • • ,m.

Theorem 6.3. Suppose that the system (6.1) satisfies (H7) ¿m addition to the

hypotheses of Theoremó.2. If yi = ya(x:\), (j = \, • • • , n), denote the solutions

of (6.3) for which ya(a:\) = 8<,-, then for arbitrary values X ¿¿0 the determinant

(6.4) | y¿,(x:X) - y¿í(x:- X) |

has on a<x<b at least V\\\—n and at most V\\\ zeros, each zero counted a num-

ber of times equal to its index for the system of linear homogeneous equations

whose coefficients are the rows of the determinant (6.4).

Theorem 6.3 is a ready consequence of the fact that

zu m (l/X)Tki(x) [ykj(x:\) - ykj(x: - X)],     ft< ■ ya(x:\) + ya(x: - X)

is a linearly independent set of solutions of the differential equations of (3.12)

for A = X2 such that Zi,(a)=0, (¿,/ = 1, • • • , m).
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