A SYSTEM OF ORDINARY LINEAR DIFFERENTIAL
EQUATIONS WITH TWO-POINT
BOUNDARY CONDITIONS*

BY
WILLIAM T. REID

1. Introduction. In a recent paper Bliss [2]{ has treated a boundary value
problem which is definitely self-adjoint according to a weakened form of an
earlier definition of definite self-adjointness which he gave in a paper [2]
published in 1926. He has shown that a system which satisfies this modified
definition has most of the properties proved in the former paper for a system
satisfying the original and stronger definition of definite self-adjointness. The
characteristic values for such a problem are all real and have indices equal to
their multiplicities, and the expansion theorems established in the earlier
paper are still valid. Such a system, however, will not in general have an
infinity of characteristic values.

Bliss has shown that the canonical form of the so-called accessory bound-
ary value problem for a normal non-singular problem of Bolza in the calculus
of variations is definitely self-adjoint according to this new definition, while
such a problem is in general not definitely self-adjoint according to the origi-
nal definition. Hu [5] has proved that this problem has an infinity of char-
acteristic values. Various authors (Morse [7] and [8], Reid [9], [10], and
[11], Hu [5], Holder [4], Birkhoff and Hestenes [1], Wiggin [12]) have
treated the accessory problem under the assumptions that the problem is
normal and satisfies the strengthened Clebsch condition. This latter condition
implies non-singularity. Under these hypotheses the characteristic values
possess certain extremizing properties. Moreover, for such systems there have
been established oscillation and comparison theorems which are generaliza-
tions of the classic results of the Sturmian theory for a single second order
differential equation (see, for example, Ince [6], chap. 10). It is to be re-
marked that for the problem treated by the author ([9] and [10]) it is not
assumed that the coefficients of the terms involving the parameter are those
of a definite quadratic form. To compensate for this weakened condition it
it assumed that the quadratic functional of the associated minimum problem
is definite. This latter hypothesis is no additional restriction for an accessory
problem which is normal, satisfies the strengthened Clebsch condition, and

* Presented to the Society, April 11, 1936; received by the editors November 3, 1937.
"t Numerals in square brackets refer to the bibliography at the end of the present paper.
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for which the coefficients of the terms involving the parameter belong to a
definite quadratic form. In the author’s paper [9] there are also established
expansion theorems in terms of the characteristic solutions of the problem.

It is the purpose of the present paper to consider a boundary problem
which is definitely self-adjoint according to the new definition of Bliss, and
which satisfies the additional condition that the matrix of coefficients of the
terms involving the parameter has constant rank on the interval of definition.
This latter condition is satisfied in the most important examples of definitely.
self-adjoint systems. It is here shown that such a system is equivalent to a
boundary value problem associated with the second variation of a calculus of
variations problem, and of the type previously treated by the author [9]. The
character of the equivalence is new in the sense that the canonical form of the
second problem is not the given definitely self-adjoint problem, but rather a
system involving twice the number of dependent functions occurring in the
original system. There is obtained a general condition which is both necessary
and sufficient for the given system to have an infinity of characteristic values.
There are also given two different sets of conditions which are merely suffi-
cient for this conclusion. In particular, in §5 it is shown that an accessory
boundary value problem which is normal and non-singular has an infinity of
characteristic values. As stated above, this result was first proved by Hu. As
already noted, oscillation, comparison, and expansion theorems are known for
a system of the form to which the given definitely self-adjoint problem is here
shown to be equivalent. From these theorems there are deduced in §6 certain
corresponding results for the given boundary value problem.

The notation used for the definitely self-adjoint system here treated is the
same as that used by Bliss in papers [2] and [3]. Frequent references are
made to the results concerning differential systems in general, and the theo-
rems for self-adjoint systems, obtained by Bliss in §§1 and 2 of paper [2].
It is to be noted that for the particular definitely self-adjoint problem herein
treated the proof of the reality of characteristic values is independent of the
proof of paper [3] of Bliss, since this result is here deduced from the corre-
sponding theorem for the equivalent problem of the type previously treated
by the author.

2. Statement of problem. In the following pages the summation conven-
tion of tensor analysis will be used. The subscripts ¢, j, £ will have the range
1, - - -, n. The matrices ||4:;(%)||, || B:;()|| will be supposed to have elements
which are real-valued and continuous on ¢ <x<b, while the elements of the
matrices || M|, | V:j|| are real constants such that the matrix || M;; Ns|| has
rank #. For brevity we will introduce the notations*

* Here, as elsewhere, primes are used to denote derivatives with respect to the variable x.
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(2.1) Lily] = vl — 4ii(®)yi,  Mlz] = 2! + 2;4,4(2).

The boundary value problem to be considered in this paper may then be
written as
(2.2) Lily] = ABii(®)yi, syl = Mipyi(a) + Niiyi(d) = 0.

The system adjoint to (2.2) is (see Bliss [2]),
(2.3) M:[z] = — Nz;Bii(x), t:[z] = zi(a)Pji + 3i(0)Qji = O,
where p;=P;;, ¢:=Qsj, (j=1, - - -, n), are linearly independent solutions of
the algebraic equations

M;:ip; — Nig; = 0.

The boundary value problem (2.2) will be treated under the following

hypotheses:

(H,) The system (2.2) is self-adjoint under the non-singular transforma-
tion z; =T;(x)y;, that is, under this transformation the differential equations
and boundary conditions of the adjoint system (2.3) are equivalent to those
of (2.2) for all values of . The elements T';;(x) are supposed to be of class C*
on the interval ab.

A non-singular matrix ||T:;(x)|| of functions of class C! is such a transfor-
mation matrix if and only if
2.9) Tadri + AwTij+ Ti; =0, TaBii + BuiTii =0,

) M{kT;Il(a)Mil = NikT;:(b)Nil-

In particular, if #;(x) and v;(x) are sets of functions of class C! and are
related by the equations v;(x) =T ;:(x)u;(x), we have the identity
(2.5) Mi[v] = Tiu(2).Lilu].
Moreover, £;[v] =0 if and only if s;[#]=0.

(H) [|S+i(x)|| = Txs()Bs;(x)|| is symmetric.

(Hs) If (u:) is a set of real constants, then

u;S.-,-(x)ui ; 0.

(H,) There exists no non-identically vanishing solution of .C:[y]=0,

s;[y] =0 such that B;;(x)y;(x) =0 on ab.

If the system (2.2) is the canonical form of a so-called accessory boundary
value problem associated with the second variation of a problem of the cal-
culus of variations, the above hypothesis (H,) is equivalent to the assumption
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of normality of the accessory problem. The significance of this hypothesis for
the general self-adjoint system of the form (2.2) has been pointed out by
Bliss [3].

(Hs) ||B:i(x)]] is of constant rank #n—m, (0<m<n), on a<z=<b.

If y:(a), yi(b), z:(a), 2:(b) are arbitrary values, we have (Bliss [2]),
b

(2.6) yi(*)z:(%)

= Llz]s:[y] + t:[z)5:0y],

where &,-[y]=H_.;,~y,-(a) +N:9i(b), i:[2] =2i(a) P;i+2;(0)0s;, and the matrices
W32, || Waill, 1Pl [|O:i| are chosen so that

7 % 1 7a ol
M:; N Qi; Qii

M;:; Ny
are reciprocals. Moreover, if y;(x), z:(x) are solutions of the differential equa-
tions of the systems (2.2) and (2.3), respectively, for some value of \, then
[y:(x)z:(x) ]’ =0. Combining these results, and making use of the self-adjoint-
ness of the system (2.2) under the transformation z; = T;y;, we obtain that
if y:(x) and y#(x) are solutions of (2.2) corresponding to distinct values A
and \*, respectively, then (see Bliss [2])

)

@.7) [ 3@su@yr@iz = o.

a

3. Relation of the boundary value problem to the calculus of variations.
In this section there will be pointed out the relation of the above boundary
value problem (2.2) with a problem of the form of an accessory boundary
problem associated with the calculus of variations.

As a consequence of hypotheses (H,), (Hs), and (Hj;) there exist m sets of
functions T,(x), (=1, - - -, m), such that

3.1) Sii(®)mia(x) =0, i=1,---,ma=1---,ma=x=bh.

Moreover, these functions 7 (x) may be chosen as continuous on ¢ <x<b,
and orthonormal in the sense that

(3.2) W{a(x)‘ll'{ﬂ(x) = 6«3, a, B = 1’ ceey, ”m.
In view of (Hj) it follows that the matrix

Sii(®)  mip(®)
Tia(®) Oag

is non-singular on ab. The reciprocal of this matrix is seen to be of the form
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Rii(x) wip(x)

3.3
( ) Tia(%) Oap

’

and R;;(x)u.u; >0 for every set (u;) # (0;) satisfying the relations ;q(x)u; =0,
(a=1,---,m).

Finally, we shall suppose that there are exactly p linearly independent
solutions y;=wu(x), (k=1, - - -, p), of the system (2.2) for A=0. Bliss has
shown that under the hypotheses (H;)-(H,) the index of a characteristic value
is equal to its multiplicity as a root of the characteristic equation D(\) =0.
Hence not all values of \ can be characteristic values of (2.2) under these
hypotheses, and without loss of generality we might assume A=0 is not a
characteristic value. The method of proof as given by Bliss is similar to that
used in his previous paper [2] to establish the same result under stronger
hypotheses. However, for completeness and independence of the results of
the present paper, use will not be made of this result. It is to be pointed out
that Theorem 3.1 below includes the result that under hypotheses (H;)—(Hs)
all values of \ cannot be characteristic values of (2.2).

An arc z=[z:(x)] will be called admissible if the functions z:(x) are of
class D’ on ab, and satisfy the differential equations

(3°4) 7"'int(x):?n‘i[z] =0, a=1---,m.

For brevity, the class H{* will be defined as the totality of admissible arcs z
satisfying the conditions

3.5) ti[z] = 2;(a) Pji + 2(6)Qs = 0, i=1,---,mn,
3.6) sz;(x)Bgi(x)uj,(x)dx =0, k=1,---,p,
3.7 fb 2i(2)Ki(%)zi(x)dx = 1,

where K;(x) = —Bix(x) T (). Since Kii(%) =Ty '(®)Ski(x)T; (x), the ma-
trix || K:;(x)|| is symmetric and u;K;;(x)u; 20 for all real sets (u:) = (0).

Suppose the class H¥ is non-vacuous, and consider the problem of mini-
mizing the integral

b
3.9) I[s] = f 9 [ Ri ()9 [5)dx

in this class. In view of (3.4) we have that I[z] is non-negative in the class
of admissible arcs.
Because of the integral conditions (3.6) this minimum problem is not of
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the form of an accessory problem associated with the problem of Bolza in
the calculus of variations. It may be reduced, however, to such a problem by
the introduction of new variables z,., satisfying the differential equations
Z4x—2:Bim;«=0 and end conditions z,4.(a) —2.+.(b) =0.

If, for brevity, we set

(3.9) R ()0 [2] + mia(®)na(x) = §i(%),

the first necessary condition for this calculus of variations problem states that
there exist multipliers u.(x) and constants o., A, d;, such that in addition to
equations (3.4), (3.5), (3.6), (3.7) we have

(3.10) ¢ — Auti — Bijunoe + AKijz; = 0,

(3.11) Piid; — ¢ia) = Qiid; + §:(b) = 0,

where {;(x) is the function defined in terms of z:(x), u.(x) by (3.9). Solving
(3.4) and (3.9) simultaneously, we obtain

mi[z] = S:ui(®)¢5, ka(x) = Tia(%)$ 5.

Moreover, since M Pr;— NiQr; =0, the equations (3.11) are equivalent to
the conditions s;[¢] =0. Consequently, the system (3.4), (3.5), (3.6), (3.10),
(3.11) may be written

M;z] = Sii(x)¢5, L:l¢] = Bijupoo — AKijz5,

b
610 [ a@Bi@u@iz=0, ull=0, skl=o,

Li=1,---,nk=1,---,p.

Now, since y; =ui (%), (k=1, - - -, p), is a solution of L:[y] =0, s:[y] =0,
we have that z; =v,,(x) = Tj:(z)u;«(x) is a solution of AT;[2] =0, #:;[3] =0. Using
this relation, together with (2.6), we obtain in view of (H;) and (H,) the fol-
lowing result:

Lemma 3.1. If z;, & satisfies (3.12) with constants a., A, then a.=0,
(k=1,---,p).

LemMA 3.2. The system (3.12) is normal.

For if this system is not normal, there exist functions z;(x)=0,
¢i(x) #0 satisfying with constants o,, A this system. In view of Lemma 3.2,
0.=0. Then {;=m;,(x)u.(x) is a solution of .C;[¢]=0, s:[¢]=0. But since
B;;r;a=0, we then have B;;(x){;=0 and by (H,) we have {;(x) =0, contrary
to the assumption that {;(x)#0. Therefore the system (3.12) is normal.

LemMmA 3.3. The value A =0 is not a characteristic value of (3.12).
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This result is a consequence of Lemma 3.1, relation (2.6), hypotheses (H;)
and (H,), together with the fact that every solution of the system .C;[y] =0,
si[y] =0is a linear combination of the functions u;.(x), (k=1, - - - , p).

THEOREM 3.1. The characteristic values A of (3.12) are all real and positive,
and at most denumerably infinite in number.

The reality-of the characteristic values has been proved by the author [9].
The positiveness is a consequence of the above hypotheses and the identity

16 = o [ K@i

which is satisfied by the functions z;(x) of a solution z;, {:, o,=0 of (3.12) for
a corresponding value A. Since A=0 is not a characteristic value, and the
characteristic values are the zeros of a permanently convergent power series
(see Bliss [2]), we have at most a denumerable infinity of such values.

The following properties have been proved by Reid [9]:

THEOREM 3.2. If the class H{ is non-vacuous and A, is the greatest lower
bound of I[z] in this class, then A;>0 and A=A, is the least characteristic
value of (3.12).

THEOREM 3.3. Suppose Ay<A:< - - - <A, are consecutive characteristic
values of (3.12), and corresponding to A=A,, (s=1, .-, t—1), there are r,
linearly independent solutions zi,,, ¢iq, 0xa, =0, (gs=1, - - - , 7,). Define the class

H ¥ as the subclass of arcs z belonging to Hi¥ and satisfying the additional condi-
tions

b
0= [ @K@z, a=1, ns =1, il

If H¥ is non-vacuous and A, is the greatest lower bound of I[z] in this class,
then A;>A.1 and A=A, is a characteristic value of (3.12).

If 2;, &4, 0. =0 is a solution of (3.12) for a value A, set z;=(1/AY2) T ;i(x)7;.
Then #;, {;is a solution of the system

(3.13) Liln] = A*2Byi(x)ts, Lile] = AYV2Bi(x)ns,  sila] =0, s:fc] = 0.

Now if 4, ¢: is a solution of (3.13), the functions ;= #:+$:, £i=#:+¢: and
ni=1#:— s, $i=Ci—#i; are also solutions of this system. Consequently, if the
index of A as a characteristic value of (3.12) is equal to 7, there exist 7 linearly
independent solutions 7;, {; of (3.13) such that for each of these solutions we
have either n;=¢; or ;= —{:. Now if 5;, {;=7: is a characteristic solution of
(3.13) we see that y; =1 is a characteristic solution of (2.2) for X = A'/2; simi-
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larly, if 7:, {i= — . is a characteristic solution of (3.13), we have that y;=7;
is a solution of (2.2) for A= —AY2 Hence the sum of the indices of A2 and
— AV as characteristic values of (2.2) is not less than the index of A as a
characteristic value of (3.12).

Now if A0 is a characteristic value of (2.2) and y; is a corresponding
characteristic solution, then z;=(1/\)T:y;, {:=y; is a solution of (3.12) for
A =\2. The orthogonality of the functions z;(x) to the sets u;,(x),(k=1,-- - , p),
is a consequence of (2.7). In view of Lemma 3.1 we have, therefore, that all
the characteristic values of (2.2) are real. In view of (2.7) the set of character-
istic solutions of (2.2) corresponding to the values AY? and —A'?, where A
is a given positive value, are linearly independent. Hence the index of A as
a characteristic value of (3.12) is not less than the sum of the indices of AY?
and — AV? as characteristic values of (2.2). We have, therefore, the following
theorem:

THEOREM 3.4. The characteristic values of (2.2) are all real and at most
denumerably infinite in number. If A is a characteristic value of (3.12),
either AV2 or — A'2 is a characteristic value of (2.2). Conversely ,if N is a charac-
teristic value of (2.2), then A =N\? is a characteristic value of (3.12) whose index
is equal to the sum of the indices of N and —\ as characteristic values of (2.2).

4. Sufficient conditions for the existence of infinitely many characteristic
values. One may show by simple examples (see Bliss [3]) that the hypotheses
of §2 do not imply the existence of infinitely many characteristic values of
(2.2). In this section we shall give certain sets of conditions that insure this
property. In view of Theorem 3.4 we may assume without loss of generality
that A =0 is not a characteristic value of (2.2), and the sets u.,,(k=1, - - -, p),
are missing. If this condition is not true for the original problem it may be
attained by a linear change of parameter. We shall make this assumption in
the future consideration of this problem. The following general theorem follows
from Theorem 3.4 and the extremizing properties of the characteristic values
of (3.12) (see, for example, Reid [9] and [11]).

THEOREM 4.1. A system (2.2) satisfying (Hi)—(Hs) has an infinity of char-
acteristic values if and only if there are infinitely many arcs z:=wi,(x),
(s=1,2,--.), satisfying (3.4), (3.5), and such that for each r and arbitrary
constants (de)#=(0,), (¢=1, - - -, 7), the arc w;=w;,(x)d, satisfies the condition

b
“.1) f w;Ki;widx > 0.

The following hypothesis is a weakened form of a condition used by Bliss
in originally defining definitely self-adjoint systems.
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(Hs) If gi(x) are arbitrary continuous functions on ab, and y;(x) is a solu-
tion of the system

(4.2) L[] = Bij(2)gi(x), syl =0,
then y:5:7¥;=0 on @b if and only if y;=0.

THEOREM 4.2. If (2.2) satisfies (H,), (Hz), (Hs), (Hs), and (Hs), this system
has infinitely many characteristic values.

Hypotheses (Hz), (Hs), and (Hs) are seen to imply (H,). Denote by gi.(x),
(s=1, 2, ---), sets of functions such that the sets B;;(x)g;:(x) are linearly
independent on ab. Such a choice is clearly possible. Now let y;=1y.,(x) be a
particular solution of (4.2) for gi=gi.(x), and set wi,(x) =T;:(x)y;s(x),
(s=1, 2, - - -). By the use of relation (2.5) it may be proved that the
functions z;=w;,(x) satisfy (3.4) and (3.5). Furthermore, if (d.)=(0.),
(=1, - -,7),and yi=y::(x)d,, w; =w;,(x)d, we have

b b
f w;Kjwidx = f ¥:Siiyidx > 0

in view of (Hs). The result of Theorem 4.2 is then a consequence of Theorem
4.1.

COROLLARY. If the system (2.2) satisfies hypotheses (H:), (Hs), (Hs), and
lBijl #0 on ab, then (2.2) has infinitely many characteristic values.

Hypothesis (Hs) is weaker than the condition originally used by Bliss [2]
in defining definitely self-adjoint systems since the extra condition s:[y]=0
has been added. The result of Theorem 4.2 is of a somewhat less general char-
acter than that originally obtained by Bliss [2], however, since we have as-
sumed (Hj).

THEOREM 4.3. Suppose that (2.2) satisfies (H1)—(Hs), and that the functions
B;; are of class CY on ab. Then, if the matrix
(4.3) |l7sa(®) Tislx) Bia()

has at some point xq of ab a rank greater than m, the system (2.2) has infinitely
many characteristic values.

If the functions B;; are of class C?, the functions 7;,(x) may also be chosen
to be of class C!, and we shall suppose that these functions are so selected.
Now a set z; satisfies (3.4) if and only if there are functions g:(x) such that

4.4) M:lz] = — gi(#)Bi().

In view of (H;) and (H;) a set of continuous functions z;(x) renders
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J22:K:izidx =0 if and only if the set z; is of the form T'i(x)m.(2)f.(x). We
shall now determine under what conditions a set of this latter form is a solu-
tion of (4.4). In view of (2.5), such a set satisfies (4.4) if and only if

(4.5) Lilrafa] = miafd + Lilmalfu = — giBaThr.

The functions .(; 7. ] are continuous since 7. (x) are of class C1. Now, in view
of the hypotheses of the theorem, there is an interval a,b, containing x, and in-
tegers1 =41 <6< -+ - < =m, 12/1<je< - - - <Jpm =1, p>m, such that the
determinant |1r;an,',;B,-,,k| , (g=1,---, p; h=1,.- -, p—m), is different

from zero on a:b,. If g;=0for j#j4, (h=1, - - - , p—m), thenon a,b, there are
continuous functions D.s(x), Ens(x) such that

(4.6) fd = Dagfs,

(4.7) gin = Engfs.

Let fo=fuy(x), (=1, - - -, m) be a fundamental set of solutions of (4.6) on
a:b1. Suppose that g#(x) is a set of functions such that g*=0 for j>j,, and
the set g is linearly independent of the m sets of functions g;, = Essfsy on
b, It follows that if z; =w, is the solution of

4.8) Milz] = — ¢#Bu,  klz] =0,
then w; is not of the form 7w ;.f, on a;b;, and hence [2w;K;;w;dx>0. Now one
may choose an infinity of sets gj(x), (s=1, - - ), such that if r is a given

integer and (d.)#(0,) (¢=1, - - -, r), then the set g¥=g}(x)d, satisfies the

conditions described above for the set g*. If z;=w;, are the corresponding

solutions of (4.8), we have that the set w;,, (s=1, - - - ), satisfies the conditions

of Theorem 4.1, and hence (2.2) has infinitely many characteristic values.
We have, in particular, the following result:

COROLLARY. Suppose that (2.2) satisfies (Hy)—(Hs), the functions Bi; are of
class Cton ab, and m <n—m. Then this system has infinitely many characteristic
values.

To establish this corollary, one need only note that the rank of (4.3) is
not less than the greater of the two values m and n—m.
5. A special boundary problem. Consider the differential equations

17’, = c/{,,(x)n, + (Bar(x)g-f, g, T = 1, Tty N,
(5.1) ,

g‘“ = @‘"(x)"r - c/{1v(x)§r - )\qu(x)ﬂf,
where ||B..||, || Corll, || Ko|| are symmetric. The coefficients in (5.1) are real-

valued and continuous on ab, and %K ,.4, >0 on ab for (u,) > (0,). Associated
with (5.1) we consider boundary conditions
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(5.2) sy[n, £] = aym.(a) — Byt.(a) + ayma(8) + bait.(b) = O,
y=1,---,2N,

where these conditions are linearly independent, and where the matrix
lat, B}, +a2, 82|, (v, 8=1,---, 2N), is symmetric. We shall also sup-
pose that there is no non-identically vanishing solution 7., ¢, of (5.1), (5.2)
with ,=0, (c=1, - - - , N), on ab.

The system (5.1), (5.2) is self-adjoint with respect to the transformation
matrix

001' Ba‘f
T =
“ “ ”_ 60? Oar
Under the above conditions,
OU" Oaf KVT OU‘Y 0‘7 Oﬂf
B|| = S| = , K| = ,
“ ” l_ er va ’ || “ Oof Ov‘r ” ” va Kﬂf

and (5.1), (5.2) satisfies (Hy)—(H;) of §2. We may, therefore, assume without
loss of generality that A =0 is not a characteristic value, and for simplicity
we shall make this assumption.

If we assume in addition that ||B..|| has constant rank N —¢, (0<¢<N),
on ab, this system is equivalent to a boundary problem associated with the
second variation of a problem of Bolza in the calculus of variations which
is normal and non-singular, but which does not necessarily satisfy the Clebsch
condition. If K,,=84,,, we have the problem which Hu [5] considered, and
for which he proved the existence of infinitely many characteristic values.
His method of proof is closely related to that previously used by Bliss [2] in
treating definitely self-adjoint problems. In the following, we shall not as-
sume that ||B,.|| has constant rank N —gq, but simply that all the B,. are not
identically zero on ab.

The system adjoint to (5.1), (5.2) is

u! + weA,s + 0:Cre = M. K10,

v + %Brs — vA, =0,

(5.4)  brw(a) + ayvi(a) — by (B) + agv,(0) =0, ¥y =1,---,2N.
The condition (3.4) then becomes, in terms of (2;) = (%, v,),

(5.5) % + %.Bre — v.Aer = 0, e=1,---,N,

(5.3)

and the integral of (3.7) reduces to

b
(5.6) f v, K or0,d%.
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Let a,b; be a subinterval of ab on which all the B,, are not identically
zero, and by %, =u,,, (v=1, - - - , N+1), sets of functions of class C! on a,bs,
with %,,(a;) =0=wu,,(b,),and such that the N +1 sets %,,B,,, =1, - - - ,N+1),
are linearly independent on this interval. Let v, =1,,(x) be the solution of (5.5)
for u,=u,,, and satisfying the initial condition 2,,(a,) =0. Clearly the sets
2, =9,,(x), (v=1,-- -, N+1), are linearly independent on a,b,. Now define
v, =v1(x)di+ - - - +9,531(x)dy41, Where the constants d,, (=1, - - - , N+1),
are not all zero and such that »,(8;) =0. If the functions #,, », thus defined on
a.b, are extended to the whole of ¢b by defining them as zero on the remainder
of ab, then (3;) = (%,, v,) is an admissible arc for the above defined problem,
and the corresponding integral (5.6) is positive.

Nowlet A,, (s=1,2, - - - ), be a denumerable set of non-overlapping sub-
intervals of a0, and relative to A, define a set of functions (z;) = (w:s) = (44, v+4)
in the manner described above. This set (w;,) is seen to satisfy the conditions
of Theorem 4.1; hence the system (5.1) has a denumerable infinity of
characteristic values.

6. Oscillation and comparison theorems. The following comparison theo-
rem is a consequence of Theorem 5.5 of Reid [11].

THEOREM 6.1. Suppose that the two boundary value problems

(6.1) Lily] = 2By, sily] = Miyi(a) + Nijyi(d) = 0,
(6.2) Lily] = MBiyyi,  s¥[y] = M¥yi(a) + N¥yi(d) = 0,

are self-adjoint with respect to the same transformation matrix || T, that each
of these problems satisfies (Hy)—(Hs), and N=0 is not a characteristic value for
either of these problems. For arbitrary values L>0,let V 1, [W 1] denote the number
of characteristic values \ of (6.1) such that |\| <L [|\| <L). The numbers V ¥,
W * are defined for (6.2) in an analogous manner. If the matrix

has rank n-+h, then for arbitrary L >0 we have |V — V| <h, |WL—W *| <h.

We shall say that a point #’ on ¢ <z’ <b is a conjugate point of x =a rela-
tive to the differential equations

(6.3) Lily] = ABii(%)y;

for a value M, if, using the definition of Reid [11], §6, the point ' is a con-
jugate point of x=g¢ relative to the differential equations of (3.12) for the
value A=\ It is to be remarked that the hypotheses of §2 do not in general

M.‘,’ N.-,'
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imply that the order of abnormality of the differential equations of (3.12) on
subintervals ab’ is constant for a <b’ <b. Hence, as pointed out in Reid [11],
in order to obtain the usual oscillation theorem it is necessary to use the
extended definition of conjugate point there introduced. As a result of Theo-
rem 3.4 above, and the oscillation and comparison theorems for the system
(3.12) (see Reid [11], §85, 6, and 7), we have the following result:

THEOREM 6.2. Suppose that the system (6.1) satisfies hypotheses (H,)—(Hs)
and that N\ =0 is not a characteristic value of this problem. Then for arbitrary
values N~0 there are on the interval a <x <b at least V |\ —n and at most V
conjugale points of x = a relative to (6.3) for the given \.

In case the following additional assumption is satisfied, the conjugate
points are given by the zeros of a certain determinant.

(Hy) If b’ is an arbitrary value on a <b’ <b, there is no solution of .L;[y] =0
satisfying B.;(x)y;j(x)=0 on ab’ except the identically vanishing solution
Vi= 0

The statement (Hy) is the phrasing in terms of the system (6.3) of the con-
dition that the differential equations of (3.12) are normal on every subinterval
ab’. In this case the conjugate points of x =g relative to (3.12) for a value A
are the zeros of |z:;(x)|, where

zi=2:i(x), $i={4i(x), i=1---,m,

are linearly independent solutions of the differential equations of (3.12)
such that
zii(a)"_'O: 1:’.7‘=1) RN (2

THEOREM 6.3. Suppose that the system (6.1) satisfies (Hz) in addition to the
hypotheses of Theorem 6.2. If y;=y:j(x:\), j=1, - - -, n), denote the solutions
of (6.3) for which y:j(a:X\) = bs;, then for arbitrary values N 0 the determinant

(6.4) | ysi(m:N) = yii(zi—N) |

has on a <x<b at least V|5 —n and at most V|5, zeros, each zero counted a num-
ber of times equal to its index for the system of linear homogeneous equations
whose coefficients are the rows of the determinant (6.4).

Theorem 6.3 is a ready consequence of the fact that
zii = (1/NTwi(®) [yai(@:N) — yei(x: = N], G5 = 3:(:0) + 3ii(x: = V)

is a linearly independent set of solutions of the differential equations of (3.12)
for A=X\? such that z;;(a) =0, (3, 7=1, - - - , n).
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